11 February 2002

Physics Letters A 294 (2002) 19–25
www.elsevier.com/locate/pla

Effect of concentration of the Er3+ ion on electromagnetically
induced transparency in Er3+:YAG crystal
Huailiang Xu ∗ , Zhenwen Dai, Zhankui Jiang
Department of Physics, Jilin University, Jiefang Road 119, Chang Chun 130023, PR China
Received 3 August 2001; received in revised form 6 November 2001; accepted 5 December 2001
Communicated by P.R. Holland

Abstract
We studied the effect of Er3+ concentration on electromagnetically induced transparency in two types of three-level
schemes—the ladder and the Λ models in Er3+ :YAG. The numerical calculations show that, under the same intensities of the
probe and the coupling fields, the absorption and the dispersion were dramatically changed with Er3+ concentration.  2002
Elsevier Science B.V. All rights reserved.
PACS: 42.50.Hz; 42.50.Gy; 42.70.Mp
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1. Introduction
Quantum coherence has led to many interesting optical phenomena such as electromagnetically induced
transparency (EIT) [1–4], lasing without population
inversion [5,6], and the enhancement of refractive index [7,8]. The effect termed EIT is an induced transparency in an initially absorbing medium, experienced
by a weak-probe field, due to the presence of a strongcoupling field on a linked transition. Most experimental studies on EIT have focused on atomic gas media.
Recently, the experimental observations of EIT and
pertained phenomena in solid have also appeared [9–
15]. However, all of these experiments in solid crystals were carried out under the same concentration of
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doped ions. Here we may now propose such a question: What is the effect of the concentration of doped
ions on EIT? The purpose of this Letter is to examine
the above question regarding EIT in Er3+ :YAG and to
provide a basis for choosing the appropriate concentration of Er3+ doped ions. YAG is a good host material
and superior in terms of hardness and thermal conductivity. It has a cubic space-group symmetry of Oh10 and
the Er3+ ions substitute for Y3+ ions on the dodecahedral sites having D2 symmetry [16].
In the rare-earth doped crystal, the decay rate of
population and electric dipole moment vary as a function of the concentration due to the influence of some
factors, such as phonon decay and the interaction
among ions [17]. In this Letter we conduct a systematic study of the effect of concentration of Er3+ ions
on the EIT on the basis of the density matrix theory,
in which the dopant concentration is a variable parameter. We focus our attention on two types of ideal
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closed three-level schemes, the ladder and Λ models,
in which the absorption and dispersion properties of
Er3+ :YAG were obtained by the numerical solution of
their density matrix equations.

2. Theory
In this section we discuss the theoretical basis for
our calculations dealing with the effect of concentration on EIT in two closed three-level schemes, the
ladder and the Λ models, as shown in Fig. 1. The
energy-level schemes are relevant to the Er3+ ions in
Er3+ :YAG, where the levels |1, |2 and |3 correspond to the lowest Stark level of the 4 I15/2 , 4 I13/2
and 4 S3/2 states, respectively. A strong coherent coupling field Ec with Rabi frequency Gc couples levels |2 and |3. A weak probe field Ep with Rabi frequency Gp induces the transition |1 ↔ |2 for the ladder model and |1 ↔ |3 for the Λ model. The interaction between atom and field was, in general, treated in
the interacting picture. In the following, we consider
the ladder model and the Λ model, separately.
2.1. Ladder model
The interaction Hamiltonian for this model in the
rotating-wave approximation can be written as
Hladd = h̄∆p |22| + h̄(∆p + ∆c )|33|


− h̄ Gp |21| + Gc |32| + c.c. ,

(1)

where ∆p and ∆c are the frequency detuning of the
probe and coupling fields, respectively, and ∆p =
ω21 − ωp , ∆c = ω32 − ωc (ωij is the transition frequency between level |i and |j ; ωp , ωc are the frequencies of the probe and coupling fields, respectively). The time-dependence density matrix equation
of motion is
i
1
dρ
= − [HI , ρ] − {Γ, ρ},
dt
2
h̄

(2)

Fig. 1. Partial energy-level diagram of Er3+ in Er3+ :YAG showing
the schemes employed for (a) the ladder and (b) the Λ models.
γ2 , γ3 are nonradiative decay rates of |2 and |3 levels, respectively.
Γij is the spontaneous transition probability from level i to level j .
∆p , ∆c are the detuning of the probe and the coupling fields.

ρ̇21 = −(γ21 + i∆p )ρ21 + iGp (ρ11 − ρ22 ) + iG∗c ρ31 ,


ρ̇31 = − γ31 + i(∆p + ∆c ) ρ31 − iGp ρ32 + iGc ρ21 ,
ρ̇32 = −(γ32 + i∆c )ρ32 + iGc (ρ22 − ρ33 ) − iG∗p ρ31 ,

where {Γ, ρ} = Γ ρ + ρΓ [15]. The resulting equations for the density-matrix elements can be given by

ρij = ρj∗i ,

ρ̇11 = (Γ21 + γ2 )ρ22 + Γ31 ρ33 + iG∗p ρ21 − iGp ρ12 ,

where γi are nonradiative decay rate of level i, Γij is
the spontaneous transition probability from level i to
level j . The coherence decay rates (γij ) are obtained
according to the relations γ21 = (1/2)(Γ21 + γ2 ),

ρ̇22 = −(Γ21 + γ2 )ρ22 + (Γ32 + γ3 )ρ33 − iG∗p ρ21
+ iGp ρ12 + iG∗c ρ32 − iGc ρ23 ,

ρ11 + ρ22 + ρ33 = 1,

(3)
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γ31 = (1/2)(Γ31 + Γ32 + γ3 ) and γ32 = (1/2)(Γ31 +
Γ32 + Γ21 + γ2 + γ3 ). The Rabi frequencies are defined by
µ12 Ep
Gp =
(4a)
,
2h̄
µ23 Ec
Gc =
(4b)
,
2h̄
where µij is the electric dipole element between level
i and level j of Er3+ ion, which can be given by [18,
19]
2

µ2ij = e2 ψ|r|ψ  
=

2
2
e2

(2J + 1) (2J + 1)



×
Ωλ  4f N (αSL)J U λ
λ=2,4,6

2

× 4f N (α  S  L )J   ,

(5)

where Ωλ is the phenomenological intensity parameter, J is the quantum number of angular momentum
of the state j . The factors 2 in Eq. (5) arose from
the Kramers degenerate of the Stark levels of Er3+ .
The reduced matrix element U λ can be obtained from
Ref. [20] and the spectral intensity parameters can be
described by an empirical formula [21]




Ωλ 10−20 = 1.25X1/4 exp −0.4(X − A)2/3 + B,
(6)
where X is the concentration of doped ions. A and B
are empirical parameters: A = 1.0, B = 0.33 for Ω2 ,
A = 1.1, B = 0.72 for Ω4 , and A = 1.4, B = 0.59
for Ω6 . The absorption and dispersion of the probe
field can be described as [22]
2Nµ12 ρ21
,
(7a)
ε 0 Ep
2Nµ12 ρ21
χ  = Re
(7b)
,
ε 0 Ep
where N is the number of doped ions per unit volume
and is proportional to the concentration of Er3+ ion.
χ  = Im

2.2. Λ model
The Hamiltonian for this model in the rotating
frame can be described as
HΛ = h̄(∆p − ∆c )|22| + h̄∆p |33|


− h̄ Gp |31| + Gc |32| + c.c. ,

(8)

21

where ∆p = ω31 − ωp , ∆c = ω32 − ωc . The resulting
density matrix equations are given by
ρ̇11 = (Γ21 + γ2 )ρ22 + Γ31ρ33 + iG∗p ρ31 − iGp ρ13 ,
ρ̇22 = −(Γ21 + γ2 )ρ22 + (Γ32 + γ3 )ρ33 + iG∗c ρ32
− iGc ρ23 ,


ρ̇21 = − γ21 + i(∆p − ∆c ) ρ21 − iGp ρ23 + iG∗c ρ31 ,
ρ̇31 = −(γ31 + i∆p )ρ31 + iGp (ρ11 − ρ33 ) + iGc ρ21 ,
ρ̇32 = −(γ32 + i∆c )ρ32 + iGc (ρ22 − ρ33 ) + iGp ρ12 ,
ρij = ρj∗i ,
ρ11 + ρ22 + ρ33 = 1,

(9)

where the meanings of the parameters γi , Γij and γij
are the same as Eqs. (3). The Rabi frequencies are
defined as
µ13 Ep
,
Gp =
(10a)
2h̄
µ23 Ec
Gc =
(10b)
.
2h̄
The absorption and dispersion of the probe field for
this system can be described as
2Nµ13 ρ31
,
ε 0 Ep
2Nµ13 ρ31
χ  = Re
.
ε 0 Ep

χ  = Im

(11a)
(11b)

3. Results and discussion
The spectral intensity parameters and the electric
dipole moments under different concentrations have
been calculated using Eqs. (5) and (6), and are listed in
Table 1. From Refs. [17,21], we found that Γ31  γ3
due to the multi-phonon decay in this crystal. Therefore, it is reasonable for the crystal used to set the parameters as Γ31 = 0, Γ31 + γ2 = 1/τ2 and Γ32 + γ3 =
1/τ3 , where the experimental lifetime values (τ2 , τ3 )
of levels 2 and 3 under different concentrations have
been obtained from Ref. [17] and also listed in Table 1.
The Rabi frequency can be obtained from Eqs. (4)
and (10), where the intensities of the probe and the
coupling fields were being kept constant for all concentration of doped ions and setting
Ep
1 1 1
=
2h̄
10 µ12 τ2
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Table 1
Spectral intensity parameters, electrical dipole moments and population decay rates in Er3+ :YAG crystals containing different concentrations
of the Er3+ ion
Concentration of
Er3+ ion in crystal
(at%)
0.5
3
15
33
100

Spectral intensity
parameters (10−20 cm2 )
Ω2
Ω4
Ω6
1.15
1.51
1.31
1.20
1.61
1.54
0.57
0.96
0.84
0.38
0.77
0.64
0.33
0.72
0.59

for the ladder model,
Ep
1 1 1
=
2h̄
10 µ13 τ2
for the Λ model and
1 1
Ec
= 20
2h̄
µ23 τ2
for both of these models (τ2 and µij are lifetime of
level 2 and the dipole element between level i and
level j at the concentration 3%). For these two models, two cases in the absence or present of a coupling
field were considered.
At first, we calculated the absorption and dispersion
for the ladder model from Eqs. (7a) and (7b) as a function of ∆p in the absence of the coupling field Ec with
different concentration of Er3+ ions as shown in Fig. 2.
It can be seen that the absorption and the dispersion
for 15 at% Er3+ ions is greater than those obtained
under other concentrations. In the case of the presence
of the coupling field and ∆c = 0, the calculation results are shown in Fig. 3, which shows that, near the
region ∆p = 0, the absorption and dispersion changed
dramatically with Er3+ concentration. The absorption
for 3 and 0.5 at% Er3+ ions approaches to zero. We
can see that EIT disappears for 100 at% Er3+ :YAG under the intensity of the coupling field, which is due to
the coupling field not being strong enough to separate
the two peaks of the Autler–Townes splitter. According to the results of numerical calculation in Figs. 2
and 3, when ∆p = 0, we obtained the ratios of absorption with the coupling field to that without the
coupling field. The ratios for 0.5, 3, 15, 33 and 100
at% Er3+ :YAG are 0.047%, 0.038%, 0.74%, 7.96%
and 87.1%, respectively. This indicates that the relative transmission ratio reaches the maximum at Er3+

Electric dipole
moments (10−32 C m)
µ12
µ13
µ23
3.25
1.59
1.69
3.81
1.72
1.84
2.82
1.27
1.36
2.47
1.11
1.19
2.36
1.06
1.14

Lifetime (µs)
[17]
4I
4S
13/2
3/2
6.5
9.0
9.0
2.0
0.28

14
10.5
1
0.5
0.05

Fig. 2. (a) Imaginary and (b) real part of probe response versus detuning ∆p in the ladder model in the absence of the coupling field.
The numbers represent the concentration of doped Er3+ ion.
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Fig. 3. (a) Imaginary and (b) real part of probe response versus detuning ∆p in the presence of the coupling field (∆c = 0) for the
ladder model.

concentration of about 3%. Fig. 4 shows the effect of
concentration on EIT in the detuning of coupling field
(∆c = 20/τ2 , where τ2 is the lifetime of the level |2
with 3 at% Er:YAG). We can see, from Fig. 4, that the
concentration at about 15% near the region ∆p = 0 is
better than others when one wants a large dispersion
with relatively small absorption.
For the Λ model, the calculation is analogous to
that of the ladder model except for the parameter Gp .
Figs. 5 and 6 show the numerical calculation results of
the Λ model for ∆c = 0 and ∆c = 0, respectively. The
better concentration value for EIT is similar to that obtained from the ladder model. In contrast to the result
in Fig. 3, the inset in Fig. 5 shows two separated peaks
of the Autler–Townes splitter for 100 at% Er3+ :YAG
under the same intensity of the coupling field applied

23

Fig. 4. (a) Imaginary and (b) real part of probe response versus detuning ∆p in the presence of the coupling field (∆c = 0) for the
ladder model.

as the case in Fig. 3. This indicates that it is easier to
induce EIT in this model than the ladder model. From
both models, it shows clearly that the profile of the
absorption and the refractive index is greatly changed
with the increment of the Er3+ concentration.

4. Summary
In this Letter, we have analyzed the concentration
effect of Er3+ ions on EIT in Er3+ :YAG using density
matrix equations of interaction between ion and field.
We found that the concentration can dramatically affect the depth of EIT window and there exists an optimal concentration to realize the EIT in Er3+ :YAG. It
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(a)

(a)

(b)

(b)

Fig. 5. (a) Imaginary and (b) real part of probe response versus detuning ∆p for the model with the coupling field (∆c = 0 ). The inset
shows the same data for 100 at% Er3+ :YAG with another scale.

Fig. 6. (a) Imaginary and (b) real part of probe response versus detuning ∆p for the Λ model with the coupling field (∆c = 0).

is also demonstrated that there is a region of concentration at which the crystal has a higher dispersion and
lower absorption when ∆c = 0. Comparing the results
of the two models, we found that the Λ model is easier
to induce EIT than the ladder model. These results are
helpful to perform EIT in many applications, for example, high-density optical memory, high gain phase
conjugation and quantum switching [13–15].
The YAG crystal is an excellent optical host material compared with other compounds, which are sensitive to moisture. Therefore, it is interesting to investigate EIT in this kind of compound for practice ap-

plications. In the present Letter, we have reported a
preliminary study of EIT in Er3+ :YAG and provide a
basis for choosing the concentration to carry out experimental studies in the future.
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